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Abstract

MOOCHO (Multifunctional Object-Oriented arCHitecture for Optimization) is a C++ Trili-
nos package of object-oriented software for solving equality and inequality constrained non-
linear programs (NLPs) using large-scale gradient-based optimization methods. The primary
focus of MOOCHO up to this point has been the development of active-set and interior-point
successive quadratic programming (SQP) methods. MOOCHO was initially developed (under
the name rSQP++) to support primarily reduced-space SQP (rSQP) but other related types of
optimization algorithms can also be developed. Using MOOCHO, it is possible to specialize all
of the linear-algebra computations and also modify many other parts of the algorithm externally
(without modifying default library source code). One of the most unique features of the MOO-
CHO framework is that it supports completely abstract linear algebra which allows sophisticated
implementations on parallel distributed-memory supercomputers but is not tied to any partic-
ular linear algebra library (although adapters to a few linear algebra libraries are available).
In addition, MOOCHO contains adapters to support massively parallel simulation-constrained
optimization through Thyra interfaces. Access to a great deal of linear solver technology in
Trilinos is available through the “Facade” classes in the Stramikimos package.

This document provides a high-level overview of MOOCHO that describes the motivation
for MOOCHO, the basic mathematical notation used in MOOCHO, the algorithms that MOO-
CHO implements, and what types of optimization problmes are appropriate to be solved by
MOOCHO. More detailed documentaion on how to install MOOCHO, how to define NLPs,
and how to run MOOCHO algorithms is provided in a companion document [??7].

*Sandia is a multiprogram laboratory operated by Sandia Corporation, a Lockheed-Martin Company, for the United
States Department of Energy under Contract DE-AC04-94AL85000.
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An Overview of MOOCHO

The Multifunctional Object-Oriented
arCHitecture for Optimization

1 Introduction

MOOCHO is an object-oriented C++ software package building gradient-based algorithms for
large-scale nonlinear programing. MOOCHO is designed to allow the incorporation of many dif-
ferent algorithms and to allow external configuration of specialized linear-algebra objects such as
vectors, matrices and linear solvers. Data-structure independence has been recognized as an impor-
tant feature missing in current optimization softwa®e [

While the MOOCHO framework can be used to implement many different types of optimiza-
tion methods (e.g. Generalized Reduced Gradient (GR) [??7?], Augmented Lagrangian (AL) [??7],
Successive Quadratic Programming (SQP) [???] etc.) the main focus has been SQP methods. Suc-
cessive quadratic programming (SQP) related methods are attractive mainly because they generally
require the fewest number of function and gradient evaluations to solve a problem as compared to
other optimization methods’]. Another attractive property of SQP methods is that they can be
adapted to effectively exploit the structure of the underlying NP A variation of SQP, known
as reduced-space SQP (rSQP), works well for NLPs where there are few degrees of freedom (see
Section 2.1) and many constraints. Quasi-Newton methods for approximating the reduced Hessian
of the Lagrangian are also very efficient for NLPs with few degrees of freedom. Another advan-
tage of rSQP is that a decomposition for the equality constraints can be used which only requires
solves with a basis of the Jacobian of the constraints (see Section 2.3) and therefore can utilize very
specialized application-specific data structures and linear solvers. Therefore, rSQP methods can
be tailored to exploit the structure of simulation-constrained optimization problems and can show
excellent parallel algorithmic scalability.

There is a distiction to be made between a user of MOOCHO and a developer of MOOCHO,
though it may it be narrow one in some cases. Here we define a user as anyone who uses MOOCHO
to solve an optimization problem using a pre-existing MOOCHO algorithm. A MOOCHO user
can vary from someone who uses a predeveloped interface to a modeling environment like AMPL
[?] to someone who uses MOOCHO to solve a discrietized PDE-constrained optimization problem
on a massively parallel computer using specialized application-specific data structures and linear
solvers [?]. While the first type of user does not need to write any C++ code and does not even
need to know what C++ is, the latter type of sophisitcated user has to write a fair amount of C++
code. There are also many different types of use cases of MOOCHO that lie in between these two
extremes. This user’s guide seeks to address, at least to some degree, the needs of this entire range
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of users. Because of this, there will be a fair amount of discussion of the object-oriented design of
the relavent parts of MOOCHO.

In the next section (Section 2), the basic mathematical structure of SQP methods is presented.
This presentation is intended to establish the nomenclature of MOOCHO for users and develop-
ers. This nomenclature is key to being able to understand and modify the MOOCHO algorithms.
Appendix ?? contains a summary of this notation. The basic software design of MOOCHO that
both users and developers must understand is described in Seetidhis is followed in Section
?? by a basic description of the linear algebra and NLP interfaces for MOOCHO. These interfaces
provide the foundation for allowing the types of specialized data structures and linear solvers that an
advanced user would use with MOOCHO. Secti@discusses a software-based use of MOOCHO
for general NLPs where explicit gradient entries are computed. Apart from using a predeveloped
interface to MOOCHO (e.g. AMPL), this is the simplest use case for MOOCHO. This section in-
cludes a complete example NLP with numerious C++ code excepts. This discussion is followed up
in Section?? by an example NLP that specializes all of the linear algebra and NLP interfaces, uses
application specific linear solvers, and runs on a distributed-memory parallel computer using MPI.
This example represents the most advanced use case for MOOCHO and provides the needed foun-
dation for even the most advanced interface to a sophisticated application. S&utiescribes the
algorithm configuration classes that are used to build MOOCHO algorithms and includes a fairly
detailed discussion of a default configuration called “MamaJama”. Details of the input and output
files for MOOCHO (for the “MamaJdama” configuration and an example NLP) are discussed in Sec-
tion ??. This section describes the example printouts that are included in App@adikinally,
Appendix?? describes the installation for the base distribution of MOOCHO which is a first step to
using MOOCHO.

2 Mathematical Background

2.1 Nonlinear Program (NLP) Formulation

MOOCHO can be used to solve NLPs of the general form:

min  f(x) 1)
st ¢x)=0 (2)
X < X< Xy (3)

where;
XXXy € X



fx): X—R
cX): X —C
X CR"
CCRM™

Above, we have been very careful to define vector spaces for the relevant vectors and nonlinear
operators. In general, only vectors from the same vector space are compatible and can participate in
linear-algebra operations. Mathematically, the only requirement for the compatibility of real-valued
vector spaces should be that the dimensions match up and that the same inner products are used.
However, having the same dimensionality will not be sufficient to allow the compatibility of vectors
from different vector spaces in the implementation. The vector spaces become very important later
when the NLP interfaces and the implementation of MOOCHO is discussed in more detail in Section
??and in 7).

We assume that the operatdr&) andcj(x) for j = 1...min (1)—(2) are nonlinear functions
with at least second-order continuous derivatives. The rSQP algorithms described later only re-
quire first-order information foff (x) andc;(x) in the form of a vectoflf(x) and a matrixJc(x)
respectively. The bound inequality constraints in (3) may have lower bounds equeal &md/or
upper bounds equal tpo. The absences of some of these bounds can be exploited by many SQP
algorithms.

It is very desirable for the functiong x) andc(x) to at least be defined (i.e. no NaN or Inf return
values) everywhere in the set defined by the relaxed variable boundsd < x < xy + 8. Here,d
(see the methomhax_var _bounds _viol()  in the Doxygen documentation for tiNLP interface) is
a relaxation (i.e. wiggle room) that the user can set to allow the optimization algorithm to compute
f(x) andc(x) outside the strict variable bounds < x < xy in order to compute finite differences
and the like. The SQP algorithms in MOOCHO will never evalugte andc(x) outside the above
relaxed variable bounds. This gives users a measure of control in how the optimization algorithms
interact with the NLP model.

The Lagrangian functioh(A,v.,vy) and the Lagrange multipliera (v, vy) for this NLP are
defined by

LoxAve,vu) = {f(x)+ATe(x)+v (x —x) +vj(x—xu)} € R (4)
OxL(x,A,v) = {0f(X) +Oc(X)A+Vv} € X (5)

02 L(x,A) = {sz(x) -
=1

S A O%c (x)} € X|x (6)

where:



Of(x): X — X

Oc(x) = | Oci(x) Ocp(x) ... Oem(x) |1 X —X|C
O2f(x) : X — X|X

D%cj(x): X — X|X ,forj=1...m

AeC

V=Vy —VL € X.

Above, we use the notatiok ;) with the subscript in parentheses to denotejﬂ'?ecomponent
of the vector\ and to differentiate this from a simple math accent. AlSo(x) : X — X|C is used
to denote a nonlinear operator (the gradient of the equality constfai(ts$ in this case) that maps
from the vector spac& to a matrix spaceX|C where the columns and rows in this matrix space
lie in the vector space& and C respectively. The returned matrix obje&t= (c € X|C defines a
linear operator wherg = Ap maps vector fronp € C to q € X. The transposed matrix objest
defines a linear operator whege= AT p maps vector fronp € X toq e C.

Note how the vector and matrix spaces in the above expressions match up. For example, the
vectors and matrices in (5) can be replaced by their vector and matrix spaces as

{O0f(x) +Oc(x)A+V} = {X+(X|C)C+ (X|H)H + X} = X.

The compatibility of vectors and matrices in linear-algebra operations is determined by the
compatibility of the associated vector spaces. At all times, we must know to which vector or matrix
space a linear-algebra quantity belongs.

Given the definition of the Lagrangian and its derivatives in (4)—(6), the first- and second-order
necessary KKT optimality condition®] for a solution(x*,A*,v{,v{;) to (1)—(3) are given in (7)—
(13). There are four different categories of optimality conditions shown here: linear dependence
of gradients (7), feasibility (8)—(9), non-negativity of Lagrange multipliers for inequalities (10),
complementarity (11)—(12), and curvature (13).

Oyl (X", A%,v*) = OF (x*) + Oc(X*)A* +v* =0 7)
c(x)=0 (8)

X < X <)y %)

(V)" (vu)* >0 (10)
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(VL)?i)((XL)(i) — (X*)(|)) =0, fori=1...n (11)
(VU)’(*i)((x*)(i) —(xu)@) =0, fori=1...n (12)

d" O2,L(x",A\*)d > 0, for all feasible directionsl € X. (13)

Sufficient conditions for optimality require that stronger assumptions be made about the NLP
(e.g. constraint qualification arfx) and perhaps conditions on third-order curvature in dagez, L (x*,A*)d =
0in (13)).

To solve a NLP, an SQP algorithm must first be supplied an initial guess for the unknown vari-
ablesxg and in some cases also the Lagrange multiplgrandvy. The optimization algorithms
implemented in MOOCHO generally require th@tsatisfy the variable bounds in (3), and if not,
then the elements of are forced in bounds. The matridc(x) is abstracted behind a set of object-
oriented interfaces. An rSQP algorithm only needs to perform matrix-vector multiplication with
Oc(x) and solve for a square, nonsingular basis§lofx) through aBasisSystem interface. The
implementation ofJc(x) is completely abstracted away from the optimization algorithm. A simpler
interface to NLPs has also been developed where the ni&t( is never represented even implic-
itly (i.e. no matrix-vector products) and only specific quantities are supplied to the rSQP algorithm
(see the “Tailored Approach” i’ and the “direct sensitivity” NLP interface ir?]).

2.2 Successive Quadratic Programming (SQP)

A popular class of methods for solving NLPs is successive quadratic programming (GQRN

SQP method is equivalent, in many cases, to applying Newton's method to solve the optimality
conditions represented by (7)—(8). At each Newton iterakidor (7)—(8), the linear subproblem
(also known as the KKT system) takes the form

V\i A d]:_[DXL] 14
A dy c

where:
d=Xu1—X% € X
dh=A1—Ak € C
W~ DRL (% M) € X[X
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A=0c(x) € X|C
c=c(X) € C.

The Newton matrix in (14) is known as the KKT matrix. By substitutiig= Ak1 — Ak into (14)
and simplifying, this linear system becomes equivalent to the optimality conditions of the following

QP

min  g'd+Y.d"wd (15)
st. Ald+c=0 (16)

where:
g=0f(x) € X.

The advantage of the QP formulation over the Newton linear system formulation is that in-
equality constraints can be directly added to the QP and a relaxation can be defined which yields
the following QP

min  g'd+Yd"Wd+M(n) (17)
st. Ald+(1-n)c=0 (18)
X=X < d <Xy —X¢ (19)
o<n<1 (20)
where:
M(n) € R —R.

Near the solution of the NLP, the set of active constraints for (17)—(20) will be the same as the
optimal active-set for the NLP in (1)—(3P[Theorem 18.1].

The relaxation of the QP shown in (17)—(20) is only one form of a relaxation but has the essential
properties. Note that the solutiop= 1 andd = 0 is always feasible by construction. The penalty
functionM(n) is either a linear or quadratic term Where@%\q:o is sufficiently large then an
unrelaxed solution (i.eq = 0) will be obtained if a feasible region for the original QP exists. For
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example, the penalty term may take a form suchés) = (M)n or M(n) = (M)(n + Y.n?) where
M is a large constant often called “big M”.

Once a new estimate of the solutioq (1, Ak:1, Vki1) iS computed, the error in the optimality
conditions (7)—(9) is checked. If these KKT errors are within some specified tolerance, the algorithm
is terminated with the optimal solution. If the KKT error is too large, the NLP functions and
gradients are then computed at the new print and another QP subproblem (17)—(20) is solved
which generates another sté@nd so on. This algorithm is continued until a solution is found or
the algorithm runs into trouble (there can be many causes for algorithm failure), or it is prematurely
terminated because it is taking too long (i.e. maxumum number of iterations or runtime is exceeded).

The iterates generated froxg,. 1 = xx +d are generally only guaranteed to converge to a local
solution to the first-order KKT conditions when close to the solution. Therefore, globalization meth-
ods are used to insure (given a few, sometimes strong, assumptions are satisfied) the SQP algorithm
will converge to a local solution from remote starting points. One popular class of globalization
methods are line search methods. In a line search method, once theeistepmputed from the
QP subproblem, a line search procedure is used to find a step lergytbh thatx, 1 = x +ad
givessufficient reductionn the value of amerit function@(X«+1) < @X). A merit function is used
to balance a trade-off between minimizing the objective funcfipf) and reducing the error in the
constraintx(x). A commonly used merit function is thg defined by (21) wher@ is a penalty
parameter that is adjusted to insure descent along the SQRstex for a > 0.

@, (X) = F0) +Hl[e(X)]]1 (21)

An alternative line search based on a “Filter” has also been implemented which generally per-
forms better and does not require the maintenance of a penalty paramédner globalization
methods such as trust region (using a merit function or the filter) can also be applied to SQP.

Because SQP is essentially equivalent to applying Newton’s method to the optimality condi-
tions, it can be shown to be quadratically convergent near the solution of theMILPi§ this fast
rate of convergence that makes SQP the method of choice for many applications. However, there
are many theoretical and practical details that need to be considered. One difficulty is that in order
to achieve quadratic convergence the exact Hessian of the Lagralg&aneeded, which requires
exact second-order informatiat? f (x) and0%c;j(x), j = 1...m. For many NLP applications, sec-
ond derivatives are not readily available and it is too expensive and/or inaccurate to compute them

13



numerically. Other difficulties with SQP include how to deal with an indefinite Hed8iahlso, for

large problems, the full QP subproblem in (17)—(20) can be extremely expensive to solve directly.
These and other difficulties have motivated the research of large-scale decomposition methods for
SQP. One class of these methods is reduced-space (or reduced Hessian) SQP, or rSQP for short.

2.3 Reduced-Space Successive Quadratic Programming (rSQP)

In a reduced-space SQP (rSQP) method, the full-space QP subproblem (17)—(20) is decomposed
into two smaller subproblems that, in many cases, are easier to solve. To see how this is done,
first a null-space decompositiofd, [Section 18.3] is computed for some linearly independent set of

the linearized equality constraintg € X|Cy wherecy(X) € Gy € R" are the decomposed and

cu(X) € G € R (M) are the undecomposed equality constraints and

c(x) = [ zdé))g ] € G4x Cu = Oe(x) = | Ocg(x) Ocy(X) } = [ A Ay } € X|(Gix Q).

u @2
Above, the vector spaaé = (4 x (, denotes a concatenated vector space (also known as a product
of vector spaces) with a dimension which is the sum of the constituent vector $pheesCy| +
|Cu| =+ (m—r) =m. This decomposition is defined by a null-space matrand a matrixy with
the following properties:

Zc Xz st(A))TZ=0
: : (23)
Y e X|Y s.t.[ Y Z} is nonsingular
where:
Z CR (n—r)
Y CR"

It is important to distinguish the spac&sand?” from the the matriceg andY. The null-space
matrixZ € X|Zis a linear operator that maps vectors from the spaeeZ to vectors in the space
of the unknowny = Zu € X. The matrixY € X|9 is a linear operator that maps vectors from the
spaceu € 9 to vectors in the space of the unknowns Yu € X.

In many presentations of reduced-space SQP, the matgxeferred to as the “range-space”
matrix since several popular choices of this matrix form a basis for the range space-iiwever,

14



note that the matri¥ need not be a true basis matrix for the range-spadg @f order to satisfy
the nonsingularity property in (23). For this reason, here the m#trxll be referred to as the
“quasi-range-space” matrix to make this distinction.

By using (23), the search directiahcan be broken down intd = (1—n)Y p,+ Zp,, where
py € 9" andp, € Z are the known as the quasi-normal (or quasi-range space) and tangential (or
null space) steps respectively. By substitutthg: (1—n)Y p,+ Zp; into (17)—(20) we obtain the
qguasi-normal (24) and tangential (25)—(27) subproblems. In @5),1 is a damping parameter
which can be used to insure descent of the merit funepiog, 1 + ad).

Quasi-Normal (Quasi-Range-Space) Subproblem

py=-Rlgeo (24)

where:R= [(Ag)TY] € G4|9 (nonsingular via (23)).

Tangential (Range-Space) Subproblem (Relaxed)

min - (g' +2w)" pz+ 72p; [Z'WZ)p, + M(n) (25)
st Uzp+(1—nju=0 (26)
bL <Zp,—(Yp)n <hy (27)
where:
g=2'gez
w=Z'WYR € 2

CeR

U,=[(An)Z] € G| Z
Uy=[(A)TY] € GIY
u=Uypy+c, € G
bL=x —x%—-Yp X
bu=xu —x%—-Yp € X.
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By using this decomposition, the Lagrange multipliagsfor the decomposed equality con-
straints (Aq)"d + ¢4 = 0) do not need to be computed in order to produce stepg1—n)Y p, +
Zp,. However, these multipliers can be used to determine the penalty parqufeatédre merit func-
tion [?, page 544] or to compute the Lagrangian function. Alternatively, a multiplier free method for
computingu has been developed and tested with good rest]lté] any case, it is useful to compute
these multipliers at the solution of the NLP since they give the sensitivity of the objective function
to those constraint®[ page 436]. An expression for computikgcan be derived by applying (23)
to YTOL(x,A, V) to yield

Aa=-R T (YT (g+V)+U A\ € G- (28)

There are many details that need to be worked out in order to implement an rSQP algorithm and
there are opportunities for a lot of variability. There are some significant decisions that need to be
made: how to compute the null-space decomposition that defines the matriceR, U, andUy,
and how the reduced HessiZhW Z and the cross ternw in (25) are calculated (or approximated).

There are several different ways to compute decomposition ma#ieeslY that satisfy (23)
[?]. For small-scale rSQP, an orthonornZaandY (Z'Y =0,Z"Z =1,YTY =1) can be computed
using a QR factorization ofy [?]. This decomposition gives rise to rSQP algorithms with many
desirable properties. However, using a QR factorization whgis of very large dimension is
prohibitively expensive. Therefore, other choicesZaandY have been investigated that are more
appropriate for large-scale rSQP. Methods that are more computationally tractable are based on
a variable-reduction decompositio®][ In a variable-reduction decomposition, the variables are
partitioned into dependerp and independenq sets

XD € Xp (29)

X € X (30)

x—[XD] € Xp x Xi (31)
X

(32)

where:
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X'I g Rnfr

such that the Jacobian of the constraiiitss partitioned as shown in (33) whe@ds a square,
nonsingular matrix known as the basis matrix. The variakleandx, are also called the state
and design (or controls) variable® jn some applications or the basic and nonbasic varialfles [
in others. What is important about this partitioning of variables is thakgheariables define the
selection of the basis matri3, nothing more. Some types of optimization algorithms give more
significance to this partitioning of variables (for example, in MINOBthe basic variables are also
variables that are not at an active bound) however no extra significance can be attributed here.

This basis selection is used to define a variable-reduction null-space @Bair{84) which also
determined); in (35).

Variable-Reduction Partitioning

T
AT _ (Ad) _ C N (33)
(AT E F
where:
C e GilXo (nonsingular)
N € Gyl
E e Cu‘XD
F e GilX.
Variable-Reduction Null-Space Matrix
~CIN
Z = | (34)
U, = F-ECIN (35)

There are many choices for the quasi-range-space m¥ttivat satisfy (23). Two relatively
computationally inexpensive choices are the coordinate and orthogonal decompositions shown be-
low.
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Coordinate Variable-Reduction Null-Space Decomposition

N
Y = !0] (36)
R =C (37)
U = E (38)

Orthogonal Variable-Reduction Null-Space Decomposition

|
Y = NTCT (39)
R = C(+CINN'CT) (40)
U = E-FN'CT (41)

The orthogonal decompositiod (Y =0, ZTZ #1, YTY #1) defined in (34)—(35) and (39)—(41)
is more numerically stable than the coordinate decomposition and has other desirable properties
in the context of rISQP?Y. However, the amount of dense linear algebra required to compute the
factorizations needed to solve for linear systems Wi(40) isO((n—r)?r) floating point operations
(flops) which can dominate the cost of the algorithm for lafger r). Therefore, for largefn—r),
the coordinate decompositioZ'(Y # 0, ZTZ # 1, YTY # 1) defined in (34)—(35) and (36)—(38)
is preferred because it is cheaper but the downside is that it is also more susceptible to problems
associated with a poor selection of dependent variables and ill-conditioning in the basis@natrix
that can result in greatly degraded performance and even failure of an rSQP algorithm. See the
optionquasi _range _space _matrix in Section??.

Another important decision is how to compute the reduced He&Si#Z For many NLPs,
second derivative information is not available to compute the Hessian of the Lagréivigiiaectly.
In these cases, first derivative information can be used to approxinat&™W Z using quasi-
Newton methods (e.g. BFGS)][ When(n—r) is small,B is small and cheap to update. Under the
proper conditions the resulting quasi-Newton, rSQP algorithm has a superlinear rate of local con-
vergence (even using = 0 in (25)) [?]. Even when(n—r) is large, limited-memory quasi-Newton
methods can still be used, but the price one pays is in only being able to achieve a linear rate of con-
vergence (with a small rate constant hopefully). For some classes of NLPs, good approximations of
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the HessiaV are available and may have specialized properties (i.e. structure) that makes comput-
ing the exact reduced HessiBr= Z"W Z computationally feasible (i.e. see NMPC )} See the
optionsexact _reduced _hessian andquasi _newton in Section??. Other options include solving

for system with the exact reduced HessBxa ZTW Ziteratively which only requires matrix-vector
products withV which can be computed efficiently using automatic differentiation (for instance) in
some cases].

In addition to variations that affect the convergence behavior of the rSQP algorithm, such as
null-space decompositions, approximations used for the reduced Hessian and many different types
of merit functions and globalization methods, there are also many different implementation options.
For example, linear systems such as (24) can be solved using direct or iterative solvers and the
reduced QP subproblem in (25)—(27) can be solved using a variety of methods (active set vs. interior
point) and software?].

2.4 General Inequalities, Slack Variables and Basis Permutations

Up to this point, only simple variable bounds in (3) have been considered and the SQP and rSQP
algorithms have been presented in this context. However, the actual underlying NLP may include
general inequalities and take the form

min  f(X) (42)
st. ¢X) =0 (43)
h < h(%) <hy (44)
XL <X<Xy (45)
where:
X%, % € X
fx): X >R
EX): X —C
h(x): X — 7
b e %
X eRM
CeRM
HecRM.
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NLPs with general inequalities are converted into the standard form by the addition of slack
variablessS (see (49)). After the addition of the slack variables, the concatenated variables and
constraints are then permuted (using permutation mat@¢esdQ.) according to the current basis
selection into the ordering in (1)—(3). The exact mapping from (42)—(45) to (1)—(3) is given below

X = QX-ZI (46)
— ﬂ (47)
w - a ’h‘“] (48)
o) — Qc: h(‘f)xisl (49)

Here we consider the implications of the above transformation in the context of rSQP algo-
rithms.

Note if Qx = | andQ. = | that the matriXJc takes the form:

Oc= [ He ?T ] (50)

One question to ask is how the Lagrange multipliers for the original constraints can be extracted
from the optimal solutiorix, A, v) that satisfies the optimality conditions in (7)—(13)? First, consider
the linear dependence of gradients optimality condition for the NLP formulation in (42)—(45)

Oel (3, A%, N ,V%) = OF (%) + D&(X)A* + Oh(X)N, +V* = 0. (51)

To see how the Lagrange multipl®sandv* can be used to compuié, A andv* one simply
has to substitute (46) and (49) wix = | andQ. = | into (7) and expand as follows

OxL(x,A,v) = Of +0cA+v
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Of 0¢ Oh || A Vg
= +
0 —I Ay, Vg
| Of + O8\e+ O + g (52)
—Aj, + Vs

By comparing (51) and (52) it is clear that the mappinis] s Ag, 5\| = \;, =vsandv = vg. For
arbitraryQy andQ. it is also easy to perform the mapping of the solution. What is interesting about
(52) is that it says that for general inequalitfq@”() that are not active at the solution (i(®z)j) =
0), the Lagrange multiplier for the converted equality constrékg} ;) will be zero. This means
that these converted inequalities can be eliminated from the problem and not impact the solution
(which is what we would have expected). Zero multiplier values means that constraints will not
impact the optimality conditions or the Hessian of the Lagrangian.

The basis selection shown in (22) and (31) is determined by the permutation mgiees
Qc and these permutation matrices can be partitioned as follows:

Qo
X == 53
Q [ % ] (53)
Qcp
C = . 54
° [ Qcu ] >4)

A valid basis selection can always be determined by simply including all of the slackbke
full basis and then finding a sub-basis fd¢. To show how this can be done, suppose thais full
rank and the permutation matr)" = [ Qo) (Q)T ] selects a basi€ = (0&)T (Qup)".
Then the following basis selection for the transformed NLP (\gth= 1) could always be used

regardless of the properties or implementatiome

Qxp
Qx - | (55)
L Qxl
] (QoDT
© 7 | @ony _|] 0
[ oyt
N - _@.mﬁf]‘ &0



Notice that basis matrix in (56) is lower block triangular with non-singular blocks on the diag-
onal. It is therefore straightforward to solve for linear systems with this basis matrix. In fact, the
direct sensitivity matriXD = C~IN takes the form

(Qeo08) T (QuOe)T

D=- < S < . .
(QxDDh)T(QxDDé)iT(QXIDE)T _(QXIDh)T

(58)

The structure of (58) is significant in the context of active-set QP solvers that solve the reduced
QP subproblem in (25)—(27) using a variable-reduction null-space decomposition. A Bwonf
responding to a general inequality constraint only has to be computed if the slack for the constraint
is at a bound. Also note that the above transformation does not increase the number of degrees of
freedom of the NLP sincea— m=ii—m. All of this means that adding general inequalities to a
NLP imparts little extra cost for the rSQP algorithm as long as these constraints are not active.

For reasons of stability and algorithm efficiency, it may be desirable to keep at least some of the
slack variables out of the basis and this can be accommodated also but is more complex to describe.

Most of the steps in an SQP algorithm do not need to know that there are general inequalities in
the underlying NLP formulation but some steps do (i.e. globalization methods and basis selection).
Therefore, those steps in an SQP algorithm that need access to this information are allowed to
access the underlying NLP in a limited manner (see the Doxygen documentation for théL&ass
InterfacePack:: NLP).
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